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GAUSSIAN FUNCTION. 
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Abstract. The paper study the discrete sets of translations of 
the Gaussian function that span the spaces L^(M) and L^(R). 



1. Introduction. 

The study of the sets of translations of functions that span Lp{ 
spaces is a classical topic in harmonic analysis. One wants to determine 
under what conditions a sequence {(p(t — X)xeA span these spaces for a 
function if G Lp(M) and a set A C M. Wiener's Tauberian theorem [T7] 
asserts that {ip{t — X)}x<^m. span if and only if the set of points 

at which the Fourier transform of if vanishes has measure 0, and span 
L^(M) if this set is empty. It is natural to consider this problem when 
A is a discrete set. We give an overview of the results on this topic in 
the last section. 

This paper deals with the spanning properties of a discrete set of 
translations of the Gaussian function (j){t) = e~'^* . This problem was 
first studied by Zalik in [18] . He considered a more general point of view 
(functions like the Gaussian), and he obtained necessary and sufficient 
conditions for the set A that depend on 
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He proved that a necessary condition for — A)}aga to span L^(M) is 
the divergence of 5(0) and that a necessary condition is the divergence 
of S{e) for some e > 0. 

The question is what happens with the sets such that 5(0) is diver- 
gent but S{e) is convergent for all positive e. These kind of sets are 
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known as sets of order 2. The density of such a set is defined as: 
A(A) = hm \ = hm 

r^oo r r^oo T 

In this expression tt-a is the counting function of A. If we write A = 
{AnjneN with |A„,| ^ |A„+i|, the density of A coincides with lim„^oo 'T'/IAnp. 
5(0) is divergent and S{e) is convergent for those sets A such that 
< A(A) < oo. If 5'(0) < oo then the density will be and the 
divergence of S{e) implies infinite density. For sets without density 
(oscillation of the limit) we can define upper and lower versions, but 
we will not use this generalization in this note. 
Our principal result is the next one: 

Theorem 1.1. Let A C M 6e a discrete set and (j){t) = e^'^*^ the 
Gaussian function. Let A+ = A fl [0, oo) and A~ = A fl (— oo, 0] the 
positive and negative parts of A. 

(1) // A(A+) < 1/2 and A(A-) < 1/2 then {(f){t - X)}xeA does not 
span (M) . 

(2) // A(A+) > 1/2 or A(A-) > 1/2 then {4>{t - A)}AeA spans 
L2(M). 

Both statements apply also to L^{Wj. 

The proof for L^(R) is in section [2] the one for L^(R) in section [31 
In section m we find generalizations (that improve Zalik's result) and a 
brief discussion of related problems. 

2. The L'^{R) case. 
The key tool to study the problem is the Bargmann transform: 

Bf{z) = 2^ I /(t)e2'^*"-"*'-5^' dt, 
Jr 

that gives (see [Zl [8]) an isomorphism between L^(]R) and the Fock 
space: 

= |/ : / is entire and ||/||^ = j \f{z)\^e-''^'^' dm{z) < ooj , 

where dm is the area measure of the plane. This isomorphism allows 
us to transform our problem into a question of uniqueness sets of the 
Fock space, so we will be able to use theory of entire functions. Let us 
precise this statement. 

Lemma 2.1. Set (j){t) = e"'^*^ and let A G M. be a discrete set. Then 
{0(t — A)}AeA is a complete set for L'^(M.) if and only if A is an unique- 
ness set for the Fock space. 
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Proof. We observe that, for x G M, we have that 

for any / G L^(]R). Since any function of the Fock space can be rep- 
resented in this way in the real hne, the values there determine the 
function and the factor 24 6 2^' 7^ 0, the result follows by duality. □ 

In fact, the uniqueness sets are sets that can not be included in 
any zero set of the Fock space. There is no description of the zero 
sets of the Fock space. We will obtain some properties of these sets 
using standard theory of entire functions (Hadamard decomposition 
and Phragmen-Lindelof principle). Good references for this material 
are [lO] or [3J. 

First one has to observe that functions of the Fock space have order 
at most 2, and type at most 7r/2. Also, it is easy to check that any 
entire function of order less or equal to 2 and type less than 7r/2 is in 
this space (see [H]). To prove the theorem one uses the properties of 
the indicator of an entire function F of order 2: 

log|F(re-^)| 
hF{0) = limsup . 

r— »oo r 

The main properties that we will use are that the indicator (of an 
order 2 function) is a 2-trigonometrically convex function (and therefore 
continuous) and that the sup hp is the type of F. We will also use 
properties of functions of completely regular growth (log |F(re*^)| = 
/ii?(^)r^ -l-o(r^) except for a C°-set). For details and precise statements 
of all this see [31 no]. 

Proof of (1). The idea is to construct a function F in the Fock space 
such that F{X) = for all A G A. We suppose for simplicity that 
A(A"'") = A(A~) = A (if not, one can add points to A, or alternatively 
make the same arguments but the calculations would not be so easy). 
We define the set F = A U zA. This set has angular density 

Moreover, 

7er,|7|<r 

In this conditions one can calculate the indicator function of the Weier- 
strass canonical product Ilr{z) that vanishes in this set: 

hniO) = 7rA|sin2^|, 
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and Ilr will be a function of completely regular growth. If A < 1/2 
then hji < ^ and Ilr is in the Fock space. □ 

Proof of (2). We can assume without loss of generality that A C (0, oo) . 
Let A = A (A). We define the Weierstrass function 11(2;) = nAeA(l — 
z^/X'^). This product defines an entire function (A"^ is a set of or- 
der 1/2) with completely regular growth and its indicator function is 
hu{0) = ^7r| sin 26\. We will compare this function with any other that 
vanishes in A. 

Let F{z) be an entire function of the Fock space such that F{A) = 0. 
As A has order 2, Hadamard theorem ensures us that F has order at 
least 2. We define: 

^(^' = nw ■ 

(fi is an holomorphic function in any sector of the form —7t/2 < —a ^ 
argz ^ a < 7r/2, and, as hn{±a) > 0, in this sector it has order 2 and 
mean type (see theorem 5 of section 11.3 in [lOj). We fix a > 7r/4. In 
the sector aigz G [—a, a] we write F{z) = (p{z)Il{z). 

Using that the indicator function of a product of two functions is the 
sum of their indicator functions if one of them has completely regular 
growth, we have that: 

hF{e) = h^{e) + hu{e) = h^{e) + ttAI sin2^|. 

As is a 2-trigonometrically convex function (because it is the indi- 
cator of an order 2 function), we have that /i^(6') + hip{6 + 7r/2) ^ 0. 
Then h^in/i) ^ or /i^(-7r/4) ^ 0. Thus: 

hF{~) > ttA or ^i^(^) ^ 

If F is in the Fock space we can deduce from the former equation 
that A ^ 1/2, or equivalently, that F cannot be in the Fock space if 
A > 1/2. □ 

3. The L^{R) case. 

By the duality principle, {(pit — A)}AeA span L^(R) if and only if 
given / e L°^(M), if (/, 0(t - A)) = for all A G A then / = 0. Then, 
as 246^^ {f,4>x) = Bf{x), one has to look at the image of L°°(M) 
for the Bargmann transform. However, the Bargmann transform is 
an isomorphism only in the space L^(R). We will obtain the proof of 
(1) using convolution methods, because one can not ensure that the 
function F constructed in the former section will belong to the image 
of L°°(M). The proof of (2) will use that S(L°°(M)) is included in an 
appropriate space. 
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Lemma 3.1. Assume h G L^(]R) and that h{^) ^ for all ^. If 

f G 1 < p < oo and the convolution f * h is zero then / = 0. 

The same holds if h E L^(M) and h{^) ^ almost everywhere. 

Proof. For I < p < 2, the Fourier transform of / is a function in 
L"^, i + i = 1, and the Fourier transform of f * h is f h, so the lemma 
follows. In the general case, we consider the closed subspace E of L^(M) 
consisting of functions g such that f * g = 0. Since E is translation 
invariant and contains h, Wiener's Tauberian theorem implies that E 
is the whole L^(M), and this implies / = 0. When h G L^(M) we use 
Beurling's theorem describing all closed translation-invariant subspaces 
of L2(R) to reach the same result. □ 

Lemma 3.2. Assume h G L^{R) fl and h{^) ^ for every ^. 

Then if{ip{t-X),X G A} span L^(M) then {{ip * h){t - X) , X e A} span 
LP{R) fori ^p<oo. 

Proof By duality, {Lpit - A), A G A} span Lp(R) if and only if 

^*/(A)= [ f{t)ip{t- X)dt = VAgA 
Jr 

implies / = for / G Li{R). Here ip{t) = ^(-t). 
For / G L'^iR), 

[ f{t) *h){t-X)dt= I (h* f){x)v{x - A) dx, 
Jr Jr 

whence the result follows from lemma 13.11 (Hausdorff- Young theorem 

ensures us that Lp*heLP(R)andh*fEL°°{R)). □ 

Proof of (1) for L\R). Define ^^(t) = for a > 1 and observe 

that if 1 + 1 = 1 then 

a b 

a 

If {(pit — A)}AeA span L^(R) then {(pait — a)}^^j_f^ span it too, hence 
using lemma [3l2] with h = (pbwe have that {(/>(t — cr)}^g^^ span L^(R) 
for all a > 1. 

As A(-^A'^) = ^A(A+) (respectively for A~), the statement follows 
from the L^(]R) case of theorem 11.11 □ 

Lemma 3.3. Let f G Lp{R), 1 ^ p ^ oo. The function: 

Bf{z) = 23 / /(t)e2"*^-'^*'-t^' dt 
Jr 



6 GERARD ASCENSI 

is an entire function and 

\Bf{z)\^\\fU<j>\Ue^^'^\ 1 + 1 = ^- 
Proof. We write the Bargmann transform in the following way: 

Bf{z) = 2^e^ [ /(t)e""(*-^)' dt. 
Jr 

The integral is well defined and defines an entire function for any / G 
LP(R). As 

we can bound 

\Bf{z)\ ^ e^l^l' [ |/(t)||e-'^(*-")'ldt, 
Jr 

thus obtaining the statement by using Holder inequality. □ 

Proof of (2) for L^(]R). The proof for L^(R) applies here without mod- 
ification because A is a uniqueness set for entire functions of order 2 
and type |. □ 

We observe that the theorem can be extended to L^(]R) for 1 < p < 2 
and the sufficient condition also for p > 2. It is an open question 
whether the discrete sets that can be used to generate ^^(R) are inde- 
pendent of p. 

4. Generalizations and comments. 

Using the same ideas we can also prove 

Theorem 4.1. Fix n, m G N and < a ^ 6 < oo. Let (p be a function 
such that 



A 



1 +^2n 

and A a discrete set. 



e-"^^" ^ 1^(0 K 5(1 + e'")e- 



2 



(1) // A(A+) < f and A(A") < f then {ip{t - A)}AeA do not span 



(2) // A(A+) > I or A(A-) > | then {^{t - X)}xeA span L\R). 
This implications also applies to L^{M.) if we assume ^ + 

To prove this theorem one must use theorem 11.11 and 13.21 with an 
appropriate h. The condition on ip' ensures that (f and h will be in 
L^(M). This result improves Zalik's one, i. e. the conditions of theorem 
2 of [18] are stronger than the ones here. 
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Zero sets of the Fock space have been studied in pjj. One can 
also find information about uniqueness sets of zero excess [21 [12] and 
the description of samphng [9l [TTl [16] and interpolating sets [15] of 
this space, with applications to the Gabor transform (details and more 
information of this transform in [8]). 

In [1] and [6] one can find the characterization of the discrete sets A C 
M for which there exists a function ip G L^(R) with the property that 
{(^(t — A)}AeA span L^(R) as those having infinite Beurling-Malliavin 
density. In [13] and fT^ one can find results proving that in L^(M) 
there are more sets with this property, and that a characterization in 
terms of densities is not possible. 

The same problem studied here but for the Poisson function 1 / (1+t^) 
is totally solved in [5], and generalized in [1], where one can found the 
convolution lemmas stated here. The author does not know any other 
examples of functions for which such a study has been made. It would 
be interesting to study this problem for functions such as e~'*'". 



References 

G. Ascensi, J. Bruna, Poisson type generator for (K) . J. Fourier Anal. Appl. 
(2008) to appear. 

G. Ascensi, Yu. Lyubarskii, K. Seip, Phase space distribution of Gabor expan- 
sions. Appl. Comput. Harmon. Anal. (2008), doi:10.1016/j.acha.2008.G7.G05. 
R. P. Boas, Entire Functions. Academic Press Inc., New York, 1954. 
J. Bruna, On Translation and Afftne Systems Spanning L^(M.). J. Fourier Anal. 
Appl. 12 (2006), no. 1, 71-82. 

J. Bruna and M. Melnikov, On translates of the Poisson kernel and zeros of 
harmonic functions. Bull. London Math. Soc. 22 (2007), 317-326. 
Bruna, J., 01evskii,A., Ulanovskii,A., Completeness in L^(M) of discrete trans- 
lates. Revista Mat. Iberoamericana 22 (2006), no. 1, 1-16. 
Folland,G.B., Harmonic Analysis in Phase Space. Ann. of Math. Stud. 122 
Princeton Univ. Press, Princeton, NJ, (1989). 

K. Grochenig, Foundations of Time- Frequency Analysis. Birkhauser, Boston, 
MA, 2001. 

A. J. E. M. Janssen, Signal analytic proofs of two basic results on lattice ex- 
pansions. Appl. Comput. Harmon. Anal. 1 (1994), 350-354. 

B. Ya. Levin, Lectures on Entire Functions. Translations of Mathematical 
Monographs 150, Amer. Math. Soc, Providence, RI, 1996. 

Yu. Lyubarskii, Frames in the Bargmann space of entire functions. Entire and 
Subharmonic Functions. 167-180, Adv. Soviet Math., 11, Amer. Math. Soc, 
Providence, RI, 1992. 

Yu. Lyubarskii and K. Seip, Convergence and summability of Gabor expansions 
at the Nyquist density. J. Fourier Anal. Appl. 5 (1999), 127-157. 
A. Olevskii, Completeness in L^(R) of almost integer translates. C. R. Acad. 
Sci. Paris Ser. I Math. 324 (1997), 987-991. 



8 



GERARD ASCENSI 



[14] A. Olcvski, A. Ulanovskii, Almost integer translates. Do nice generators exist? 

J. Fourier Anal. Appl. 10 (2004), no. 1, 93 104. 
[15] K. Seip, Density theorems for sampling and interpolation in the Bargmann- 

Fock space I. J. Reine Angew. Math. 429 (1992), 91-106. 
[16] K. Seip, R. Wallsten, Density theorems for sampling and interpolation in the 

Bargmann-Fock space II. J. Reine Angew. Math. 429 (1992), 107-113. 
[17] N. Wiener, Tauherian theorems. Ann. of Math. (2) 33 (1932), no. 1, 1-100. 
[18] R. A. Zahk, On Approximation by Shifts and a Theorem of Wiener. Trans. 

Amer. Math Soc. 243 (1978), 299-308. 
[19] K. H. Zhu, Zeros of functions of the Fock Spaces, Complex Variables Theory 

Appl. 21 (1993), no. 1-2, 87-98. 

Faculty of Mathematics, University of Vienna, Nordbergstrasse 15, 
1090 Vienna, Austria 

E-mail address: gerard.ascensiOimivie.ac.at 



